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1. INTRODUCTION

Among the many different generalizations of polynomial splines, the tri-
gonometric splines are of particular theoretical interest and practical
importance. They were introduced in [ 12], and have been studied in a long
list of papers which we do not cite here, see [3, 6, 9, 10] and references
therein. The purpose of this paper is to develop a general theory of tri-
gonometric quasi-interpolants of the form Qf =3 (4,f) T*, where the T*
are certain trigonometric B-splines, and the 4; are appropriate linear func-
tionals chosen so that:

(I) Q can be applied to a wide class of functions including, for exam-
ple, continuous functions,

(2) the coefficients 4,f of the quasi-interpolant can be computed
directly from information on f without solving systems of equations,

(3) Of'is local in the sense that Qf(x) depends only on the values of
fin a small neighborhood of x,

(4) if f is a smooth function, Qf provides an optimal order
approximation to f (i.e., of the same order as the best trigonometric spline
approximation).

In addition to developing a general theory, we give a detailed treatment
of two interesting classes of quasi-interpolants based on derivative informa-
tion and on simple point evaluation. In both cases we establish error
bounds, and pay special attention to the associated constants, and in
particular how they depend on certain mesh ratios.

While the analysis here parallels the treatment in [8] of quasi-inter-
polants based on polynomial splines, because of the nature of trigo-
nometric splines, the details are considerably more complicated.

The paper is organized as follows. We begin by recalling some basic facts
about trigonometric polynomials and trigonometric splines in Section 2.
In Section 3 we develop a general theory of quasi-interpolants based on tri-
gonometric splines. In Section 4 we discuss several trigonometric Taylor
expansions, and use them as a tool to derive a general error bound. In Sec-
tion 5 we recall some results on trigonometric blossoming, and apply them
to establish some general Marsden identities for trigonometric splines.
Quasi-interpolants based on derivatives and on point evaluators are
treated in Sections 6 and 7, respectively. Detailed error bounds for these
quasi-interpolants, including both local and global results can be found in
Sections 8-9. The question of how the constants in the error bounds for the
derivative operator depend on mesh ratios is dealt with in Section 10.
Finally, the last section of the paper is devoted to several remarks.
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2. TRIGONOMETRIC SPLINES

Let s(x) :=sin(x/2), ¢(x) :=cos(x/2). Given a positive integer k, let

span{1, s(2x), ¢(2x), s(4x), ¢(4x), ..., s((k — 1) x), c((k — 1) x)},
k odd

span{s(x), ¢(x), s(3x), ¢(3x), ..., s((k —1) x), c((k—1) x)},
k even,

Ty =

be the space of trigonometric polynomials of order k. We observe that
I, T if k—1=0 is even, but not if it is odd. Suppose

A::{a=x0<x1< <Xm<xm+1:b}

is a partition of the interval J:=[a, b] into m + 1 subintervals. Let 27" =
(k, ..., k,,) be a vector of integers satisfying 1 <k, <k, i=1, .., m. Then the
associated space of trigonometric splines of order k is defined [10] by

S =T A5 A)
=12 &l(x.x. )€ Tk i =0, .., m, and D'~ 'g(x;) = D/ 'g(x,),
J=1 . k—k,i=1,..,m}.

It is well known that dim & (7;; A5 4)=n:=k+ 3" | k, Following
[10], to construct a basis of locally supported splines spanning
S (T A5 A), we introduce the extended knot sequence

LSLS - Sty (2.1)
where

a=t,= - =i, tpo1= " =t x=b,

and {7, ;< --- <t,} is the set obtained by repeating each x; a total of k;
times, i =1, ..., m. Throughout this paper we will assume that the knots are
such that

0<t;ip_1—1;<2m, i=1,..,n (2.2)
Associated with the extended partition, let

1, if 1, <x<t;,,
0, otherwise,

T}(x) ::{
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and for k> 1, let

s(x—1t,)

S(livk—1—1;)

S(ti 45— X)

THx) :=
S(tie—1tic1)

TF=Y(x)+ T% - (x). (2.3)
Here T* is defined to be identically zero if ¢;, , = ¢;, and terms in (2.3) with
zero denominator are treated as zero.

The T* are the well-known trigonometric B-splines, see [9, 10]. The set
{T*}7_, is a basis for &. Moreover, each T¥(x) is positive for x € (¢, 1, ),

and is zero for all x¢[¢;, #; ]

3. TRIGONOMETRIC QUASI-INTERPOLANTS

Given an integer k > 1, let { T%}7_, be the set of trigonometric B-splines
spanning the space % as in the previous section.

DerFiniTION 3.1, Let 44, ..., 4, be a set of linear functionals which are
defined on a space of functions # defined on the interval J=[a, b] with
& <. Then for any fe Z#,

0fi= 3 (Auf) T (3.1)

i=1
is called a trigonometric quasi-interpolant of f.

Clearly, the properties of the quasi-interpolant Q are determined by the
choice of the linear functionals {1,}7_,. We are interested in the following
questions:

(1)  What is the class of functions & to which Q can be applied? To
get a quasi-interpolant which applies to continuous functions on J, we can
define 4, f to be a linear combination of values of f at points in J. Alter-
natively, we can build Qf from derivatives of f (which restricts the
applicability of Q), or from integrals of f (which extends its applicability).

(2) When is Q local? By the support properties of the trigonometric
B-splines, given ¢, <x<t,, ., the only B-splines which are nonzero at x
are T% . 4, .., T%. Thus, for example, we can get a local method by
making /;f depend only on the values of f on the support interval
[t t;1x] of T* for each i=1, .., n.

(3) How well does Qf approximate smooth functions f?7 In order to
make Qf approximate smooth functions f well, we shall construct Q such
that

of =1, all feg, (3.2)
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for some 1 </<k. The higher we can make /, the better approximation
properties Q will have.

We devote the remainder of this section to the question of how to con-
struct quasi-interpolants of the form

n 1
Of:= Z Z ai,jlli,jfT{'c (3.3)

i=1 j=1

satisfying (3.2), where {1, ;} ;=1 are prescribed linear functionals.

LEMMA 3.2. Fix 1<I<k with k—1 even. Let {p,}'_, be any basis for

the space 7, and suppose that for each 1 <i<n, {1;, .., A} is a set of
linear functionals such that

det(4, ;p,); -1 #0. (3.4)

Then there is a unique set of coefficients {a; ;} so that the operator Q
defined in (3.3) satisfies (3.2).

Proof. Clearly, Q reproduces 7, if and only if it reproduces p,, ..., p;. If

px)= Y by TE, (35)

i=1
then Qp, = p, is equivalent to

n

va_pv: z ()“ipv_bv,i) Tic:O

i=1

By the linear independence of the T%, we conclude that Q reproduces .7;
if and only if for each i=1, ..., n, the coefficients {a; ;}5_, solve the system

1
lipy=Y, o Ay iPy=b, i v=1,..,1L (3.6)

Jj=1

By (3.4), each of these systems has a unique solution, and the proof is
complete. ||

There is no analog of this lemma for k —/ odd since the trigonometric
polynomials .7, are not contained in the spline space & for such /. To use
the lemma in practice, we need to find some trigonometric polynomials
P1, -, p; Which satisfy (3.4) and whose B-spline expansions are known.
Then for each 1 <i<n, we can set up the system (3.6) and solve it numeri-
cally for the coefficients «;, |, ..., «; ;. We can save the work of solving these
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systems by choosing the p, so that the matrix in (3.6) reduces to the iden-
tity matrix.

Lemma 3.3. Suppose the hypotheses of Lemma 3.2 hold. For each
1<i<n, let p;y, .., p;; be the unique trigonometric polynomials in F; such
that

AivDi j=0y, js Jv=1,..,1L (3.7)
Then the quasi-interpolant Q defined in (3.3) satisfies (3.2) if and only if
a0 ;=b; 0 J=1.1 (3.8)

where

n

pi= 2 by Th. (3.9)

n=1

Proof. Lemma 3.2 guarantees the existence of unique p, ; satisfying
(3.7), while the fact that p, ; € 7; =% assures the existence of unique b; ; ,
such that (3.9) holds. Then by the proof of Lemma 3.2, Op; , = p, , implies

!
Yo A piv=biy v=1, .1
=1

In view of (3.7), this implies that the unique coefficients which make Q
satisfy (3.2) are given by (3.8). |

We can use blossoming (see Section 5 below) to find explicit formulae

for the coefficients «; ;. This leads to

THEOREM 3.4. Let 1 <I<k with k— 1 even. Suppose that p, |, ..., p; 1€ 7,
are such that (3.7) holds for each 1 <i<n. Then

n 1
of:= Z Z BLPi, i1 Eis1s o Ligie—1) 2i 3 S TY (3.10)

i=1 j=1

is the unique quasi-interpolant of the form (3.3) which reproduces 7,. Here
A is the blossoming operator introduced in Theorem 5.1.

Proof. Theorem 5.2 asserts that

Di ;= Z '%[pi,j](tv+l’ v Ly k1) Tl‘f,
v=1

and the result follows from Lemma 3.3. |
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The operator in Theorem 3.4 can also be written as

Of =2 BLV,ifNti1s s livi—1) Ty, (3.11)

i=1

where

VI lf z ‘i, ]f pl Jj (312)

j=1

is the unique trigonometric polynomial in 7, which interpolates f in the
sense that

Ai i Viif =2 i [ J=1 L (3.13)
Indeed, by the linearity of the blossom,

1

—@[ Vl,if](ti+1’ ety l+k—1) Z t]f j[[’z j]( i+ 1> ti+k—1)'

We now give conditions under which Q reproduces the whole spline
space .%. Recall that the support of a linear functional y is the smallest inter-
val [ ¢, d] such that if f vanishes on [ ¢, d], then yf=0.

THEOREM 3.5. Let Q be a quasi-interpolant of the form (3.3) with I=k
which reproduces 7., and suppose that for each 1 <i<n, there is a subinter-
val I;:= [ty 1) = [t tio 1) O J which contains the support of the func-
tionals 4, v, ..., A . Then Q is a linear projection onto the spline space & .

Proof. To show that Q is a projection, it suffices to prove that
LTrE=96, ,, all i,v=1,..,n (3.14)

Fix 1<i<n and consider the trigonometric polynomials p,:= T*| 1, for
m;+1—k<v<m, The coefficients of T, K in the trigonometric B- sphne
expansion of p, areb, =Jd,,, for m; +17k<,u<m Thus, by (3.6),

)*iT{f:)”ipv:bv,izév,ia v=m;+1—k,..,m,.

This statement includes the fact that 4,7%=1 since m;+ 1 —k <i<m,. To
complete the proof of (3.14), we note that by hypothesis, if v<m,;+1—k
or v>m;,, then the supports of 4; and T* do not intersect, and so 4, 7% =0
for these values of v. ||
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4. ERROR BOUNDS

Our goal in this section is to develop a general approach to obtaining
error bounds for quasi-interpolants based on trigonometric splines. The
key tool is the trigonometric Taylor expansion.

It is well known [9, 10] that 7, is the null space of the differential
operator

2 2 2 k—1\2

1 9 k—1\?
2 — 2 — ] ... 2 _—
<D +4><D +4> (D +< > > >, k even,

where Ly:=1 and L, :=D. For later use, we now introduce some related
differential operators. Let D, ,=1, and

(o (S (o (5 e (),

for 1 <2j<k, and

L= (4.1)

Dy 2j41:=Dy, 2;D, 1<2j+ 1<k (4.3)

In addition, let M, _, be the identity operator, and let

L, if k—jis even
M, =7 ’ 4.4
ki {Lj_lD, if k — jis odd, (44)

for j> 0. Note that all of the operators introduced here are constant coef-
ficient differential operators, and the coefficient of the highest power of D
is always 1. Their orders are indicated by their second subscript.

For later use we observe that

g—1
D, ,_;s(x—1)

_ el =1)! s(x—1)/ 71, if ¢ — jis even, 45)
(=1 le(x—1)s(x—1)771, if g — jis odd, '

where D, ,_; operates on the x-variable.
We now present two types of trigonometric Taylor series.
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LemMa 4.1. Let 0= 1, and let fe L{[J] for some interval J. Then for
any point teJ,

JSxX)=U,  f(x)+R, f(x), xe€J, (4.6)
where

20- 1 o
(0. z Dazr ][S(x_t)g l:ler] lf() (47)

U,  f(x):=

is a trigonometric polynomial of order o, and

) 2071 x
Ry, f(x) = | s(x= )"~ L, f(y) dy. (48)
(=1,
Here D, ,_; operates on the x-variable.

Proof. The result follows directly by integration by parts. ||

U, , is called a trigonometric Taylor expansion of f about the point t. In
[9] it was defined recursively. Of course (4.7) could be written in terms of
ordinary derivatives of f at the point ¢, but then the corresponding coef-
ficients would not be in a form where (4.5) can be applied. The following

lemma collects several useful facts about U, , f.

LemMa 4.2. U, ,fis a linear projection onto J,. Moreover,

Ma',v—lUa',tf(t):Ma,v—lf(t)7 Vzl,...,O' (49)

and

Do‘v antf() o‘v lf() VZI,...,O', (410)
Jfor all feL{[J].

Proof. For fixed ¢, U, , 1s clearly a linear operator mapping functions
feLj[J] into span{u } c7,, where u;(x):=D, , [s(x—1)"""], j=
1, ..., a. It follows 1mmed1ately from (4.8) that U, ,f=fforall feZ,, and
we conclude that u,, ..., u, must span all of 7, and thus are a basis for it.
Thus,

20—1 o
(0_ 1)' Z Do’,o'fj[s(x_t)a_l] Mo',jfluj(t)

Jj=1

U

(x)=U,, ,u;(x) =
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for j=1, .., o implies that

2a—1

mMa,v—lDa,a—j[s(x_t)a_l]|x:t=5v,j’ V,j=1,...,0'. (411)

Now (4.9) follows by applying M, ,_, to (4.7) and evaluating at x =t.

Since the operators M, ,_; have the form D¥~'+lower-order terms,
it follows that the analog of (4.9) holds with any set of derivative operators
with the same property, and thus in particular for the operators
LD,.,D° "andalso D, ¢, ... D, o_;. 1

The Taylor expansion (4.7) produces a trigonometric polynomial in the
space Z,. The following alternative version produces a trigonometric poly-
nomial in the space 7 ;.

LemMA 4.3. Let 0>=1, and let fe L{[J] for some interval J. Then for
any point teJ,

fx)=U, f(x)+ R, f(x),  xel, (4.12)
where
Uy, (%) : Z Doir,gjur[S(X=0T Mgy ;1 f(1)  (413)
]—1
and
R S o=t p+2 L d
i f )= [t e D+ Gt )| Lo S0

(4.14)

Here D, 1 ,_ ;.1 operates on the x-variable.
Proof. The result follows by integration by parts. ||

It is easy to see that l7(,,, f satisfies the same interpolation conditions
(49)-(4.10) as U, ,. The following lemma provides a general approach to
obtaining error bounds for quasi-interpolants which reproduce the space of
trigonometric polynomials 7.

LEMMA 4.4. Suppose the quasi-interpolant Q satisfies (3.2), where k —1
is even. Let m be such that t,,<t<t and let 0 <r <o <[ Then for all
SeLla,b],

m+1s

m

D f=0NDI< X LRI Dy, T, (4.15)

i=m—k+1
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where R is the remainder in the trigonometric Taylor expansion of order o
about the point t as given in (4.8) if | — o is even, and in (4.14) if | — o is odd.

Proof.  We examine the case where /—o is even. Let g:= U, ,f be the
trigonometric Taylor polynomial (4.7), and let R be the corresponding
remainder term (4.8). Then since Qg = g and D, ,R(f) =0,

|Di, (f = QWD) = Dy ([ —&)(1) + Dy, (Qg — OF)(1)]
S Dy R(1) + | Dy, QR(1)| = | Dy, QR(1)].

This completes the proof for / — ¢ even. The proof of the odd case is similar
using g=U, . f |

We have chosen to estimate the derivatives D, , instead of the usual
derivatives since in order to apply the lemma, we have to find bounds for
the corresponding derivatives of the trigonometric B-splines. This is much
easier if we use D, , than if we use D".

LemmaA 4.5. Fork=1and 0<r<k—1,

(k— r . )
WE (— 1, ) TE(). (416)

Dy, Ti(x)=

where Y% =0, o for all integers v, and where

o(x—1t;4,) Vi 2 wt i psk—2r—1—X) Vo u—1

Viar e ulX) = AR e L)
V§2/+2,,4(x)' aic+/_t2/y:€2/’,u bic+,u2/yi(2/’/_t 1+C]ic+_/12fy§2f,,u—2' (4.18)

Here
ak = ! (4.19)

st — 1) S(tip g o — 1)
Sige—atlive—ti—ligy)
S(tigr 1= 1) St — i) S(tii i 1 —1i41)
1

S(tigr—tip) St g—1tiya)

bk

t+1.

(4.20)

k e
i+2

¢ (4.21)

Proof. We recall [9, 10]

k _ k_1>{ C(x_ti) k—1 . C(ti+k ) k—1
Dk’lTi(X)_< 2 S(ti+k—1_ti)Ti (x) S(li+k tz+1)Tl+1()

(4.22)
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and

(k—=1)(k—=2)
4

Dk’sz(x)= [a;'cT?_z( ) bf+1Tf+12(x)+c§.‘+2Tf+22( )]

(4.23)
We now proceed by induction. Suppose the formula (4.16) holds for r =21

Then the formula with »=2/+1 follows by applying (4.22) and rearranging
terms. Similarly, the result for r =2/+ 2 can be established using (4.23). |i

Given 1 <i<mnand ism<i+k—1, let

dim = min - (4,,;,—1,), (4.24)
iSvsm<m+1<v+j<i+k
Ai, m, j = max (lv+j_ lv)ﬂ (425)
iSvSm<m+1<v+j<i+k
forj=1,..,k—1.

LEmMMmA 4.6. Let 1<i<n and 0<r<k—1 with k=1. Then for all
xe[[m’ tm+1)c[tia Zi+k:|a

27Co kv i 4
|Dy,, T5(x)| < Ll , (4.26)
. S(Atmk 1/2) lmk r/2)
where
k—1
Coeyr iy 4= ( )! (4.27)

(k—}’—l)' ( lml/z) (Atmk 1/2)
If t; w1 —t;<m, then

2=V 1))

T (4.28)

Cm, k,r,i, 4 <

Proof. Fori<v<m<m+1<v+ j<i+k we have

S(lv+j_ Zj) :2S((tv+j_ l])/z) C((tv+j_ Zj)/2) >2S(4i,m,v/2) C(Zi, m,v/z)'

This follows since (¢
Lemma 4.5 satisfy

1;)/2 <m. It can then be shown that the y§,  in

v+j Yy

k
0<yi,r,/4

()

<
S(Azmk 1/2) ( i,m, k— r/2 Atmk 1/2) ( i,m, k— r/2)
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It was shown in [4] that

1
| T ="(x)| < — _ by <X<lp,1. (4.29)

(Aipie—r—1/2) - Ay 1/2)

Combining these two facts with (4.16) leads to (4.26). To establish (4.28),
we observe that if ¢, ,_; —t,<m, then

(4, ;/2) =cos(mf4)=2""72, j=L ., k=1 1 (4.30)

5. BLOSSOMING AND TRIGONOMETRIC MARSDEN
IDENTITIES

Our aim in this section is to find trigonometric B-spline expansions of
arbitrary trigonometric polynomials f'€ Z,. Our starting point is the well-
known trigonometric Marsden identity [9]

[ (y x ]k '= Z ijl ) X, J’EJ’ (51)
i=1
where
k—1
Wk,i(y) = l_[ S(y—ti1,). (5.2)

v=1

Given 1 </<k, we now apply D, , ;. Then by (4.5), we get the expansion

/-
= =2 S D M T, Kl even,
(5.3)
and
=) sy =)'~
-1z
:2k_l((k—1))' Y [DesoiPe )1 THx),  k—lodd  (54)

To derive more general Marsden-type identities, we make use of the con-
cept of the blossom of a trigonometric polynomial, see [2].

THEOREM 5.1.  Fix integers I, k with 1 <I<k and k —1 even. For every
feJ, and any x,,..,X,_, there exists a unique real-valued function
Bl f1(xX1, ooy Xie—1), called the blossom of f, which satisfies the following
properties:



QUASI-INTERPOLANTS 293

(a) B[ f] is a symmetric function of the variables xi, ..., X;_1,
(b) B[ [f] is equal to f on the diagonal; i.e., B(f)(x, ..., x)= f(x), for
all xeR,

(c) BLf1x;,.)eT, forall j=1, ., k—1.
We can now compute the trigonometric B-spline expansion of an

arbitrary trigonometric polynomial.

THEOREM 5.2. For any f € 7,
F= BN trs1 o lysi ) TE. (55)
i=1

Proof. 1Tt is easy to check that

BLs(y—2) "N tigts o Livr—1) = Pr i(9),

which implies that

Sy =x) =3 By =) igrs v ligsen) THX). (56)

i=1

Now applying the derivative operator D; ;_; to both sides with respect to
the y-variable and using the fact that it commutes with the blossoming
operator 4 (operating on the x-variable), we get

Dk,kfjs(y_x)k_l =) Q[Dk,kfjs(y_x)k_l](tﬂrls o Ly 1) TH(X).

Setting y =0, it follows from (5.3)—(5.4) that (5.5) holds for each of the
polynomials D, ,_s(x)*~!, j=1,.., k. Since these polynomials form a
basis for 7, the linearity of the blossoming operator 4 implies that (5.5)
holds for all fe.7,. 1

We conclude this section by computing the blossom of a product of sine
functions. In order to state the formula, it will be convenient to introduce

the following notation for multiple sums. Suppose 4,:=4; _,; are real
numbers defined for all integers 1 <i, ..., i,, <k. Then we define
k k k k
Z‘,m‘At:= Z Z Z Ail,...,ima (57)
=1 =1 =1 Q=1
h#i by #11s Bys s By

where 1 stands for the multi-index (iy, ..., i,,).
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LemMMA 5.3.  Fix integers I, k with 1 <I<k and k — [ even. Then for any
0y 0,1 and x,, ..., Xp_1,

I—1

g{ I S(._ev)} (X114 oo X6 1)

v=1
(k—1)/2

1 k—1 —
_(k—l)' Z k= 11—[ SIXG _0 n c(xil+2v—l_xi1+2v—2)’ (58)
=1 =

v=1

and

P {e(-—el) I s —ev)} 1y oo X 1)

-1 (k—D)/2

1 k—1
= (k 1)| Z k—1 c(xil - 61) 1—[ S(xiv - 0‘;) 1—[ C(xi1+2v—1 _xi[+2v_2).
T =2 v (5.9)

Proof. The sum is over all permutations iy, .., i,_,; of the integers
1, .., k — 1. Clearly, the right-hand side of (5.8) is symmetric with respect to
X{, .., X;x_1. Moreover, it has the diagonal property (b) of Theorem 5.1,
since if we set x, = --- = x, _; =X, the sum involves exactly (k —1)! copies
of the same product. Since (c) is also satisfied, the result follows. Equation
(5.9) follows from (5.8) by differentiating both sides with respect to 6,. ||

6. QUASI-INTERPOLANTS BASED ON DERIVATIVES

Fix k, and suppose the T¥(x) are the trigonometric B-splines associated
with an extended knot sequence (2.1). Let ¢, <t,;<t,,4, for i=1,..,n In
this section we examine trigonometric spline quasi-interpolants which are
based on sampling a function and its derivatives at the 7,. Given 1 </<k,
let

00 f:=3 (A.f) T%, (6.1)
i=1
where
k=1 1

k—1)! z (—1)/7! Dy j¥r () My ;1 f(7)). (6.2)

1D . __
A=

Here ¥, ; are the functions (5.2) appearing in Marsden’s identity, and
M, ;_, are the operators defined in (4.4). The superscript on Q’,Z ; 1S meant
to remind us that these quasi-interpolants are based on derivatives.
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Clearly, Qp, is a linear operator whose domain includes all functions
which are piecewise C’~' on each of the subintervals defined by the parti-
tion 4, and whose range is contained in the trigonometric spline space .
In particular, we may take either left or right derivatives whenever
necessary. The operators Qﬁ , are analogs of the classical de Boor-Fix
quasi-interpolant based on polynomial splines [ 1] and the evaluation of f
and its (ordinary) derivatives at each sample point. We now show that Q7 ,
reproduces .7, provided k — [ is even.

THEOREM 6.1.  Suppose 1 <I<k, and that k —1 is even. Then Qp ,f =f
for all fe7,.

Proof. We apply Theorem 34 with A, ,f=M,; ; ,f(z;) and the
trigonometric ~ polynomials  p, (x)=((—1)/""2*"Y(k—1)!") Dy «_;
[s(x —,)* '] which appear in the Taylor expansion (4.7) of order [ about
the point z;. It follows from (4.11) with ¢ =k that these functionals and
polynomials satisfy (3.7). Finally, (5.3)—(5.4) imply that (3.10) can be
rewritten in the form (6.1)—(6.2). |

THEOREM 6.2. The operator Qﬁ « is a linear projection onto the spline
space spanned by the {T*}"_,.

Proof. Since Qﬁ ; reproduces 7 and the supports of the 4; |, ..., 4, , are
clearly all in one knot interval I; for each i=1, .., n, the result follows
immediately from Theorem 3.5. ||

We now give a few examples with different choices of k, /, and the 7;:

L= Z flz) T}, (6.3)

2of=) [elti—t;y) flz) —2s(t,—t, 1) Df ()1 T3, (6.4)
i=1

00, =Y fltis) TE, (6.5)
i=1

1f Z Liva—1tiv1) f(1T)) T?, (6.6)

i=1

3D,3f5: i Leltio—1ti01) f(t) =521, — 1,01 — t;45) Df(7))

i=1

+2S( 1+1)s(fi t+2 f )] T?’ (67)



296 LYCHE, SCHUMAKER, AND STANLEY

5= e (2522

i=1

_2s<li+2;li+l>2 D2f<t"“;l"”ﬂ T}, (68)

Except for Qf, all of these quasi-interpolants are projections with range
in their associated spline spaces, while Q% | only reproduces .7;. The quasi-
interpolant 0% 2o is obtained from Q2 > by choosing 7,=1,;,, for all i, and
0%, is obtained from 0%, by choosing t,=(t;,, +1;,,,)/2 forall 1 <i<n.

We conclude this sectlon by stating a result on how well the quasi-inter-
polant Qf, ./ approximates a smooth function f. Our error bounds depend
on the “mesh size”

A:= max (t;,,—t,). (6.9)

k<i<n

We recall that the interval on which our quasi-interpolants are defined is
J:= [tks tn+1]'

THEOREM 6.3. Let 1 <o<I<k with k—1 even, and fix 1 <p<g< 0.
If | —o is even, then there exists a constant K=K, . , , such that

1D (f = QR I ppn <KAT"+WO=WDNL £,y (6.10)

Jor all 0<r<o and all fe L[ J]. If | —o is odd, then
1D S = QP )l

- ko
< KA+ W —/p) HDL,,_lfHLP[J] +7

S(Z) HLa—lfHLp[J] (6.11)
Jor all 0<r<o and all fe Ly[J].

The proof of this theorem is contained in Section 8, where we give a
local version of the theorem, and an explicit formula for the constant K.
In Section 10 we discuss conditions under which the constant is mesh-
independent.

7. QUASI-INTERPOLANTS BASED ON POINT EVALUATORS

In this section we construct quasi-interpolants based on point evaluators.
Given 1 <I<k, let

LST<Ta< . <7;Sligg (7.1)
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lie in the support [;,7,,,] of the B-spline T% for 1<i<n. For each
1<j< let

k—1 -1 (k—1)2

Z k—1 n S(Zi+iv_0v) H c(ti+i1+2v71_ti+i1+2v72)
1= v= v=1
ol . (12)
’ i
(k—=1) 1—[ S(Ti,v_fi,j)
Ve

where {0y,...0, 1} :={7, 1, Ti j_1.Ti jo15 - Tiz}. The operator of
interest in this section is

Oc.if =% G TT, (7.3)

i=1

with

l
Arifi=3 o iz ). (7.4)

j=1
Clearly, Qy , is a linear operator mapping continuous functions on J into
the spline space & spanned by the {T%}7_,. The superscript on Qi ;18
meant to remind us that these quasi-interpolants are based on point
evaluations of the function. We now show that Qf , reproduces tri-

gonometric polynomials of order /.

THEOREM 7.1. Suppose 1 <I<k with k—1 even. Then QZ f =1 for all
feg,.
Proof. 1Tt is easy to verify that the trigonometric polynomials

1

n S(X_Ti,v)
v=1
v#£EJ
Pi ) == d (7.5)
H s(t; j_Ti,v)
ol

satisfy

pi,j(fi,v)zév,js v, j=1,..., L

The formula in Theorem 5.3 implies that ocsz.%[p,;j](liﬂ, v bigke—1)s
and the result follows from Theorem 3.4. |
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Theorem 3.5 can now be applied to give conditions under which Q,‘: © 1S
a projection onto the spline space .%.

THEOREM 7.2. Suppose that for each 1 <i<n, there exists an integer m;
with 1;<1,, <7;,1<T;3< '+ <7, Sly 1<k Then the quasi-inter-
polant Qk i is a linear projection onto the spline space & .

We now give a few examples for various choice of k, / and the sample
points 7, ;:

Tifi= fle) Ty, (7.6)
i=1
Livt1) S(Ti,l_ti+l)
03,/= l; wf(fi,1)+wf(fi,z)] T, (17)
0% ,f= Z Sti1) T, (7.8)
i=1
Qilf:: Z C(ti+2_ti+1)f(7i,1) T?’ (7.9)

i=1

n <S(7~'i,2_ti+1)S(Ti,3_li+2) >
P .
33 = > +5(T;0—1;42) S(T; 53— ;4 1)

i—1
' ZS(Ti,z_Ti,l)s(Ti,3_Tz 1)
<S(Ti,1_li+1)S(Ti,3_ti+2) >
+8(t 1 —1;40) 8(T;, 53— 14 1)
25(Ti, 1 Ti,z) S(Ti, 37 Ti,z)
<S(Ti,l_li+l)S(Ti,Z_ti+2) >
+8(t 1 —1;42) (T, 014 1)
23(751' 17T 3) S(Ti,z_ Ti, 3)

0% 1 f = Z{ Slti)+2c <;t"“>2

i=1

f(Tt 1)

S(T;2)

N
Sz 3) (7.10)

Xf<l‘i+l'£ti+2>_;f(ti+2):| T3. (7.11)

The operators Qf ;, O%,, and Q% are linear projections onto the
associated spline spaces. The quasi-interpolants Qi , and Qf’ 5 reproduce
7, and 73, respectively. They are also linear projections provided that for
each i, the 7, ; are chosen in a single knot interval contained in the support
of T*. The qua51 -interpolant Q2 , 18 obtained from Q2 , by choosing
7,1 =1;4, for all i, and QP3 is obtained from Q by choosing 7, =1, ,
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T,=(t ,+1+t,+2)/2 and 7,3=1,,, for all i A periodic version of the
quasi-interpolant Q3 3 was used in [ 11] for fitting data on the sphere.

We conclude this section by stating a result on how well the quasi-inter-
polant Q,’:, ,f approximates smooth functions f in terms of the mesh size 4
defined in (6.9).

THEOREM 7.3. Let 1 <o <I<k with k—1 even, and fix 1 <p<g< 0.
Then if | — o is even, there exists a constant K=K, _, , 4 such that

HDk, r(f_ Q{ lf)HLq[J] <K507r+(1/q)7(1/p) HLafHL,,[J] (7-12)

Jor all fe L7[J] and all 0 <r <o. Similarly, if | —a is odd, then

1Dy f = OF 1) iy

o _ ko
<KAJ r+(1/q) —(1/p) HDLoflf‘HLP[J] + —

> S(A) Lo fllzpn |- (713)

The proof of this theorem is contained in Section 9, where we give a
local version of the theorem, and an explicit formula for the constant K.

8. ERROR BOUNDS FOR Qf,,

In this section we establish both local and global error bounds for the
quasi-interpolant Q7 , defined in (6.1). We begin by finding explicit
formulae for the values of the linear functionals A7, given in (6.2) when
applied to the kernels of the remainders in the Taylor expansions (4.6) and
(4.12).

LemMA 8.1. Suppose 1 <o <I<k with k—1 and k — o both even. Then
A= p)77 = Zk_lA T S(ties, = (8.1)
v=1
and

g—2

A=) s(-—p)

|
-

1 k—1 a

zmlglkfl"ltc(tiﬂl_y) S(tipi,— V), (8.2)

<
I
N
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for all yeJ and all 1 <i<n, where

(k—0)/2

Al: C(ti+ia+2v—1_ti+i(7+2v—2).
v=1

Proof. Fix 1 <i<n. Since Q reproduces 7, by Theorem 5.2,

;“i)if:°@[f](ti+la e it 1)
for any fe€.7,. Thus, (8.1) and (8.2) follow by applying Lemma 5.3 to
f=s(-—y)° tand f=c(-—y)s(-—y)° 2 respectively. |

We are now ready to establish a local error bound. First we need some
additional notation. Given kK <m <n and 1 < j<k, define

4, ;= min (4, ;,— 1), (8.3)
m—j+1<i<m
Zm,j:: max (ti+j_li)a (8.4)
m—j+1l<i<m
Aj:=kinni7r;n4m,j, (8.5)
4; = max 4, ;. (8.6)

Throughout the remainder of the paper we assume that
0<t;ip_1—t;<m, i=1,..,n (8.7)
In estimating various factors involving the function s(x) =sin(x/2), we note

that

Tesv<l,  if o<x<m (8.8)
T 2

THEOREM 8.2. Let 1<o<I<k with k—1 even, and let 1<p, q< o0.
Suppose m is an integer such that a<t,,<t,, . ,<b, and let I, be the

smallest closed interval containing [1,,, t,, 1] and {t;}7 .1 . If |—c is
even, then

[ Dy, (f — Ql?,lf)”Lq[tm,th] <ijfn,_kr+(l/q)_(l/m HL”fHLpUm] (8.9)
Jor all fe L7[1,] and all 0 <r <a, where

kor r
Km :=Km,k,r,a',A zm Cm,k,r,A H

v=1

S(Zm,k—l/z)
S(Am,k—v/z),
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where

(k—1)!
(k—r—=1)'e(d,,1/2) -+ c( Ay x—1/2)
20=D2() 1))

(k—r—1)!

Cm, k,r, 4 =

(8.10)

Similarly, if | — o is odd, then

HDk r(f_ Qf lf)”Lq[tm,t

m+1:I

- g
— 1/9)—(1
<KmA;7n,kr+( /a)—(1/p) HDLa—lfHLp[Im] + =

2S(Zm,k—l) HLa—lfHLp[Im] .

(8.11)

Proof. We apply Lemma 4.4 with /,=A7,. Suppose 1, <1<t,, . By
Lemma 4.6,

1Dy, (f = QR 1 )(1)]

e i": |2;R|
mherd a1 S im—1/2) - S( Ay -1 /2)

where R is the remainder in the trigonometric Taylor expansion of order
o about the point ¢ as given in (4.8) if /— ¢ is even, and in (4.14) if [ — o
is odd. Fix m+1—k<i<m, and let J, . = I,, be the smallest interval con-
taining both ¢ and ;.

First we examine the case /— o even. By (4.8) we have

(8.12)

g—1

2 Ti
RIS oy | Pt = 7 DL S

g—1

< max |4;(s(-— )77 )|

Alfl/p L
yGJt,T‘. (0__1) H a-fHL[I]

Now using |sin x| <2 |sin x/2| and (8.8), (8.1) implies

|)”i(s('_y)o-_l)|< max l__[ |S l+l |

I1<ij<---<i,_1<k-—1

<o+l max H Is((y =t )2 45,507

I<i<--<i<k—1

<2rmot ]_[ Ay i—1/2) 47730 (8.13)

v=1
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for yeJ, .. Thus (8.12) implies (8.9) for g=oco. The result for general
I<g< oo follows by integrating the ¢gth power over the interval
[Zm) Z‘m+1]°

Now let /— o be odd. Then the remainder R is given by (4.14) and we
have

20’—1
(c—1)!

4iR| < “ [Za(e-= p)s(-= 9)° D 1DL, . f()] dy

ag

+§fi [A:(sC-= ) Ly f(¥)] dy|.

Since k—/is even and [ — o is odd, kK — o — 1 is even. We can therefore use
(8.1) and (8.2) with ¢ replaced by ¢ + 1. This gives

als(-— )7y <22 o [[ St /2) () A
and
ac(-— p)(s(-— )7 )
< max 01;[1 Is(y —t;43)

1<i<--- <ia_1<k71 ve=1

r

<o+l max [T Is((y =t )21 45501
I<ij<---<i<k—1 ’ ’

<277V ] s(4, 1 1/2) _’Un’—kr—l (8.14)
v=1

for yeJ, .. Now (8.12) implies (8.11) for g=o0. The result for general
I<g< oo follows by integrating the ¢gth power over the interval

[Zm)tm+1]' I

We are now ready to prove Theorem 6.3. First we note that for all
I1<j<k and all m, 4,, ;<4;<j4 and thus s(4,, ;) <s(4;) since we are
assuming 4;< 7. Consider the case /—o even. Raising (8.9) to the gth

power and summing over all v such that a<z1,, <t,, .1 <b, we have

1/q
<z |De (f — 0P ,f)|zq[,mv,tmv+1]>

k<m<n

1/q
Ao—r 1 —(1
<( max Km) AZ +(1/q9) —(1/p) <Z |Lo_f|%1)[[mv]> .
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But for p <g, Jensen’s inequality (see [ 10]) yields
1/p

1/q
(Z1Larltern) <(ZILA120,0)

S@k=1) Lo flg,pm

Since 1, < [y, +1—ks Im,+], and thus any piece of J is added into the sum
at most (2k — 1) times. This gives (6.10) with

k(2k—1)2" o ls(dy 1 /2)]

Ki=———2C,, A A
(e—1t Frd L s(4,_,/2)]

(8.15)

where

(k—1)!
(k=r—=1!e(d;_1/2) - c(4,/2)

Crroai= (8.16)

To establish the result for /—o¢ odd, we repeat the proof, starting with
(8.11). 1
9. ERROR BOUNDS FOR 0y,
In this section we establish both local and global error bounds for the

quasi-interpolant Qy ; defined in (7.3). Throughout the section we assume
that (8.7) holds, and use the following notation:

0, = min (T 41 —r,.)j),
1<j<i—1
m+1—k<i<m
®:= min 0,
1<m<n

THEOREM 9.1. Let 1<o<I<k with k—1 even, and fix 1<p, q< o0.
Given k <m<n, let I, be the smallest closed interval containing [t,,, t,, 1]

m,l .
and {t; ;472 1 g j=1- If 1= is even, then

1D, (f = Qi i)l g,

m+1]

<K, 457V UL, fll g,y (91)
Jor all feL7[1,] and all 0 <r <a, where
K,

m = m,k,r,1,0,4,0,

MY (s )T (A k/2)
'_(a—l)!< 5(0,,) > HS(Am,k_v/z) Cmtora

v=1
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where C,, . 4 is given in (8.10). Similarly, if | — o is odd, then

1Dy, (f = Q) e g,

’tm+1:I
- _ ag —
SKmAfn’kH(l/q) (/) HDLa—lfHLp[Im] +§S(Am,k) HLoflfHLp[Im] .

(9.2)

Proof. By the definition of Qi ;» we can apply Lemma 4.4 with

!
M= = ocfj (t

Jj=1

where af  is given by (7.2) for j=1,..,/and i=1,..,n

First we examine the case /— o even, and derive a pointwise estimate. Let
t,<t<t,,, and let R be the remainder (4.8) in the Taylor expansion
(4.6) of fabout the point . Fix m —k + 1 <i<m. We need an estimate for

[4:R| < _Z loct ;| [R(z;, ;)| <1 max a7 ;R(z; ;). (93)

<_]<l

By (7.2),
-1
[0t
v=1 s(A4 -
r< ma g =il , (94
o] 1<i1<~--<z?1(71<k—ll s(0,,) 4
H |S(Ti,j—75i,v)|
-y

where {0y, .., 0, 1} :={T; 1, s Ti j_15 Ti j1 1> - T 1} We now estimate the
size of [R(z; ;)|. By (4.8),

20—1 Ly o
IR ) <oy [ stz =007 Lo S0 dy
<2 max o= A N L
(0—1)! yeu, . o/ Lyl

20—1
(eg—1)!

N

S(Ap )" Zrlnjkl/P HLafHLp[Im]a
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where J,, - €1, is the smallest interval containing both ¢ and 7, ;. Com-
bining the bounds on ocfj and R, ; with the inequality (9.3), we have

2% S(Zm,k—l)
(e—1)! < 5(0,,)

Inserting this in (4.15) and using (4.26), we get (9.1) in the case ¢ = oo. The
result for general 1 < ¢ < oo follows by integrating the gth power over the
interval [, t,, 1]

We turn now to the case where /—o is odd. Now we use the Taylor
expansion (4.12) with remainder R given by formula (4.14). Then

|4:R| <

1—1
) B2 B L

20°0 oy
IR ) <), 105t = 770

“(o—1

<[ IDL, S0 +5 lste = ] Lo S]]

20’—1

<
(e—1)

S(Zm, K’ ! Zrlnjkl/p

ag
)

X [ ”DL(;—lfHLp[Im] +2 (7m,k) |La—1f|Lp[Im]:| .

Combining this with (9.3), we get (9.2) for ¢ = oo. The result for general
I<g<oo follows by integrating the ¢gth power over the interval

[Zm)tm+l]' I

We conclude with a proof of Theorem 7.3. We proceed as in Section 9.
In particular, if / — o is even, then raising (9.1) to the gth power and sum-
ming over all v such that 7,, <1, ., and applying Jensen’s inequality gives
(7.12) with

K:=

Kl(2k—1)2" (s(A, _O\'™' = s(4,)
(o —1)! < s(O) > ns(Ak_v) Coura

v=1

where C; , 4 is given in (8.16). Similarly, if / —o is odd, then starting with
(9.2), we get (7.13).

10. MESH INDEPENDENCE

The constants appearing in both the local and global error bounds for
the quasi-interpolants Q,?, ; and Q,’; , presented in Sections 8 and 9 depend
on the spacing of the knots defining the spline space. In this section we
describe conditions under which this dependence can be removed for Q,‘: I
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THeEOREM 10.1. Fix 0<r<o<I<k with k—1 even and 2r <k, and
suppose

T€[tivm tivi—r]s i=1,..n (10.1)

Then the constant K, , , , 4 in (8.9) can be replaced by

k' 2(2r+k—1)/2
(c—1) (k—r—1)I"

Kk, r,o =

Moreover, (6.10) holds with the constant (2k —1) K, , .

Proof. We rework the proof of Theorem 8.2 using the notation intro-
duced there. Let ¢ be a point in the interval [¢,,¢, ], and fix
m+1—k<i<m. We begin by showing that

r

n |S((y_ti+iv)/2)|

v=1

<L yeJ (10.2)

> b
r

n |S(4i,m,k—v/2)|

v=1

for all 1<i;<--- <i,<k—1. For each v=1,..,r, let I't_,=[t;,,,
tivurk—v] St tirx] be an interval of length 4,,, ,_, which contains
[ s tm1]- Since there are only r subintervals to the left and to the right
of [ti s tivr_r], it follows that [¢,,,, t; x_, 1S Tx_,for v=1, .., r. Then
(10.1) implies that /I, _, contains 7;, and thus all points yeJ, ..

Since the interval [I,_, contains at least k—v of the points
{tivi»> - tivi_ ), it follows that the set I, _, contains at least r —v+1 of
the points in T:={t;;,..,t;,;}. Thus, we can choose some t*e
Tnrl}_,, and it follows that |y —¢*| <4, ,, r_,. Proceeding inductively,
we can now choose points ¢t*_ 4, ..., i with t,e Tn I, _, such that

|y_lf|<é1i,m,k,v, V=1,...,}".

Now the fact that s(x) is monotone increasing for 0 < x <z implies (10.2).

The proof for the local error bound in the uniform norm ¢ = oo now
follows from (10.2) and (4.28). The result for general 1 <g< oo then
follows immediately. The global result is established with Jensen’s
inequality in exactly the same way as in Theorem 8.2, leading to the extra
factor 2k—1. |

We note that the hypothesis 2r <k is needed to ensure that the interval
(10.1) is nonempty, and so the above mesh-independent error bound works
only for derivatives up to order r <k/2.
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11. REMARKS

Remark 11.1. The quasi-interpolants Q7 , and Qy , discussed in this
paper can be considered to be extreme cases of a more general class of
quasi-interpolants which are based on the linear functionals

hi i =Dey ST ) =1,
where 7, ; < --- <1, are prescribed, and

vii=max{p:t, ;= =1, ),
for all i=1,..,n. Qp, corresponds to taking all the 7, ;=17,, while Oy,
corresponds to selecting 7; ; < --- <7, ,. The analysis of these more general
quasi-interpolants can be based on the trigonometric Newton form in [ 7],
and will be presented in a separate paper.

Remark 11.2. The spline space & defined in Section 1 was defined on
an extended knot sequence (2.1) which stacks a total of k knots at each of
the endpoints of an interval J. However, the entire analysis works equally
well if we extend the knots so that ¢, < - <f;<agand b<t,, < -+ <
t,+x- Moreover, similar results can also be established for spaces of peri-
odic splines (see [10]) which are based on knots which are periodic.

Remark 11.3. The quasi-interpolants studied in this paper can be
immediately applied to create multivariate quasi-interpolants by taking
tensor products (cf. [ 8] for the polynomial spline case). In fact, we can use
trigonometric quasi-interpolants in some variables, and polynomial quasi-
interpolants in others (see [ 11] for a useful example based on the quasi-
interpolant presented in (7.10)).

Remark 11.4. We have presented error bounds for functions f in the
usual Sobolev spaces L7[J]. They depend on the p-norm of certain g-order
derivatives of f. As in the polynomial case [ 8], it is also possible to present
error bounds in terms of moduli of smoothness of appropriate differential
operators applied to f. They can be obtained from the trigonometric Taylor
expansions.

Remark 11.5. The error bounds given here involve powers of 4 which
are the same as those obtained for best approximation by trigonometric
splines (cf. [3-5, 7]). In other words, these linear quasi-interpolation
operators give best orders of approximation.

Remark 11.6. There is a certain arbitrariness in the way in which we
defined the basic functions s(x) and ¢(x) at the beginning of Section 2. In
fact, everything we have done here would work equally well if we set



308 LYCHE, SCHUMAKER, AND STANLEY

¢(x)=sin(ax) and s(x)=cos(ax), where a is an arbitrary positive real
number, cf. [6], although of course the constants in the various error
bounds change. With this choice of s and ¢, it is interesting to note that
as o — 0, the trigonometric B-splines converge to the usual polynomial
B-splines, and the quasi-interpolants constructed here converge to their
polynomial analogs as discussed in [ 1, 8].

Remark 11.7. Our proof of error bounds for Q,I; ,was based on bounding
the coefficients ocf ,; which appear in (7.4). Instead of using dual polyno-
mials, as was done in Section 9, we could also have followed the approach
used in Section 8 for O, by identifying the «, ; as blossoms of certain coef-
ficients appearing in the trigonometric Taylor expansion.

Remark 11.8. In Section 9 we have shown that under certain condi-
tions on the mesh, the constants in our error bound for Qf, ; do not depend
on mesh ratios, at least for derivatives of order » <k/2. By working with
the divided difference definition of trigonometric B-splines, it is possible to
improve these results somewhat as was done in [8] for the polynomial
case. Moreover, the divided difference approach also leads to mesh-inde-
pendence results for Qf ,, and even for the more general quasi-interpolants
described in Remark 11.1. We do this in a separate paper.

Remark 11.9. Given an arbitrary mesh, it is possible to establish error
bounds where the constants are independent of the mesh for all derivatives
if we first thin out the mesh using the technique described in Lemma 6.17
of [10].

Remark 11.10. 1Tt is also possible to define trigonometric spline quasi-
interpolants based on local integral functionals. We discuss them in a
separate paper.

Remark 11.11. There are interesting dual forms for the Taylor expan-
sions given in Lemmas 4.1 and 4.3. In particular, if we write the factors of
L, in (4.8) in reverse order and then perform the integration by parts, we
get the alternate form

20'71 o
(o—1)! _Z M, , [s(x—0)°"'1D, ;_, f(1)

for the Taylor expansion of Lemma 4.1. Similarly, we have the alternative
form

Us, o f(x) =

2(7 g
= Z M,y o jir[S(X=10)T D,y ;1 f(2)

Si=1

Uo’, zf(x)

for the Taylor expansion of Lemma 4.3.
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